
MATHEMATICS OF COMPUTATION 
VOLUME 59, NUMBER 200 
OCTOBER 1992, PAGES S29-S46 

Supplement to 

CONVERGENCE OF A FINITE ELEMENT METHOD 
FOR THE DRIFT-DIFFUSION 

SEMICONDUCTOR DEVICE EQUATIONS: 
THE ZERO DIFFUSION CASE 

BERNARDO COCKBURN AND IOANA TRIANDAF 

3. PROOFS OF THEOREMS 2.1, 2.2 AND 2.5 

In this section we prove Theorems 2.1, 2.2 and 2.5. In ?3a we obtain a maximum 
principle for Uh, and in ?3b a bound on the total variation in space. In ?3c the important 
continuity result (with respect to the data) is obtained. In ?3d we end the proof of Theo- 
rems 2.1 and 2.2. In ?3e we prove several results that will allow us to prove Theorem 2.5 
in ?3f. 

3a. A maximum principle f&r Uh. We begin by showing that under a suitable 
condition the approximate concentration uh satisfies a maximum principle. We show in 

particular that uh > 0 provided u, uo, ul > 0, as we expect from the physical point of view. 
In this section we prove a maximum principle for the approximate solution Uh. We stress 
the fact that in the framework of conservation laws it is very well known that any maximum 

principle for explicit schemes is valid only under a certain Courant-Friedrichs-Levy (CFL) 
condition. Roughly speaking, this condition asks for the speed of the propagation of the 

information allowed by the numerical scheme to be bigger than the maximum speed of 

propagation of the information inherent in the conservation law. Since in our case the 

latter speed is approximated by the quantity 11 h IIL(o,1) it is clear that in order to get 
a maximum principle for uh, we must obtain an upper bound for that quantity. The next 
three lemmas are devoted to obtain the CFL condition. The bound on 11 Oh IL(o,1) is 

obtained in Proposition 3.4. The maximum principle is given in Proposition 3.5. 

The following simple but important result is the essential link between the mixed finite 
element method (2.7) and the monotone scheme (2.6). It is a restatement of equation 

(2.7a) with wAx(x) = { 
.0, otherwise. 

LEMMA 3.1. For n = 0 , - nT-1 wve have 

on~ =1 
on 

1 _-(1 _U n)AX" I , ,nx. 

The next result displays the CFL condition under which a maximum principle is sat- 
isfied. 

LENINIA 3.2 (The CFL condition). Let Un be such that 

un,(0-), tn(X),tn(1+) C [0, It*], X G (0,1). 

Suppose that 

(3 1) 1- (On+ 
2 - ) > A I I = * 

Then 
it + I 

(X) [0, it ], X E (0, 1). 
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